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Sfhsfttjpn!

EFQBSUNFOU!PG!CJPDIFNJTUSZ!

EFQBSUNFOU!PG!!NPMFDVMBS!HFOFUJDT!

!
!

Fyqmpsbupsz!Ebub!Bnbmztjt!xjui!S!

Cpsjt!Tufjqf!

Achilles and Ajax playing dice. Archaic  (540-530 BCE)! SFHSFTTJPO!

Mfbsnjnh!Pckfdujwft!

• Vnefstubne!uif!fggfdut!pg!dpssfmbujpnt!pn!ebub<!
• Vnefstubne!mjnfbs!bne!npn.mjnfbs!sfhsfttjpn<!
• Cf!bcmf!up!dpnqvuf!mjnfbs!sfhsfttjpnt!pn!ebub!bne!
fwbmvbuf!uifn<!

• Cf!bxbsf!pg!uif!)Nbyjnvn!Jngpsnbujpn!Dpfggjdjfnu*!

NJD!bt!bn!bmufsnbujwf!up!uif!dpssfmbujpn!dpfggjdjfnu!
gps!ebub!njnjnh/!

SFHSFTTJPO!

Qspcmfn!

Wifn!xf!nfbtvsf!npsf!pnf!uibn!
pnf!wbsjbcmf!gps!fbdi!nfncfs!pg!b!
qpqvmbujpn-!b!tdbuufs!qmpu!nbz!
tipx!vt!uibu!uif!wbmvft!bsf!npu!
dpnqmfufmz!jnefqfnefnu;!uifsf!jt!
f/h/!b!usfne!gps!pnf!wbsjbcmf!up!
jndsfbtf!bt!uif!puifs!jndsfbtft/!

Sfhsfttjpn!bnbmztft!uif!
efqfnefndf/!

Fybnqmft;!

•  Ifjhiu!wt/!xfjhiu!

•  Hfnf!eptbhf!wt/!
fyqsfttjpn!mfwfm!

•  Tvswjwbm!bnbmztjt;!
qspcbcjmjuz!pg!efbui!wt/!bhf!

SFHSFTTJPO!

Dpssfmbujpn!

Wifn!pnf!wbsjbcmf!efqfnet!pn!uif!
puifs-!uif!wbsjbcmft!bsf!up!tpnf!
efhsff!dpssfmbufe/!

)Opuf;!dpssfmbujpn!nffe!npu!jnqmz!
dbvtbmjuz/*!

Jn!S-!uif!gvndujpn!dpw)*!nfbtvsft!
dpwbsjbndf!bne!dps)*!nfbtvsft!uif!
Qfbstpn!dpfggjdjfnu!pg!dpssfmbujpn!
)b!npsnbmj{fe!nfbtvsf!pg!
dpwbsjbndf*/!

Qfbstpn(t!dpfggfdjfnu!pg!dpssfmbujpn!
wbmvft!sbnhf!
gspn!.2!up!2-!xjui!1!jnejdbujnh!np!
dpssfmbujpn/!

SFHSFTTJPO!

Tqfdjgz!Npefm!

Ftujnbuf!Qbsbnfufst!

Vtf!Npefm!

Zft!

Op!
Befrvbuf@!

Mjnfbs!sfhsfttjpn!jt!pnf!qpttjcmf!
npefm!xf!dbn!bqqmz!up!ebub!bnbmztjt/!

B!npefm!jn!uif!tubujtujdjbn(t!tfntf!
njhiu!npu!cf!xibu!zpv!uijnl!///!ju!jt!
nfsfmz!b!efwjdf!up!fyqmbjn!ebub/!
Wijmf!ju!nbz!ifmq!zpv!dpntjefs!
nfdibnjtnt!bne!dbvtbmjujft-!ju!jt!npu!
nfdfttbsjmz!b!sfqsftfnubujpn!pg!bnz!
qbsujdvmbs!qiztjdbm!ps!cjpmphjdbm!
nfdibnjtn/!

Opuf;!dpssfmbujpn!epft!npu!fnubjm!
dbvtbujpn/!

Npefmjnh!

SFHSFTTJPO!

UZQFT!PG!SFHSFTTJPO!

Mjnfbs!sfhsfttjpn!bttvnft!b!qbsujdvmbs!npefm;!

€ 

yi =α + βxi + εi

εj!bsf!#fsspst#!.!npu!jn!uif!tfntf!pg!cfjnh!#xspnh#-!cvu!jn!uif!tfntf!pg!dsfbujnh!efwjbujpnt!
gspn!uif!jefbmj{fe!npefm/!Uif!εj!bsf!bttvnfe!up!cf!jnefqfnefnu!bne!O)1-σ3*!)npsnbmmz!

ejtusjcvufe*-!uifz!dbn!bmtp!cf!dbmmfe!sftjevbmt/!

Uijt!npefm!ibt!uxp!qbsbnfufst;! uif!sfhsfttjpn!dpfggjdjfnu!β-!bne!
uif!jnufsdfqu!α/!

yj!jt!uif!jnefqfnefnu!wbsjbcmf/!Efqfnejnh!pn!uif!dpnufyu-!bmtp!lnpxn!bt!b!

#qsfejdups!wbsjbcmf-#!#sfhsfttps-#!#dpnuspmmfe!wbsjbcmf-#!#nbnjqvmbufe!wbsjbcmf-#!#fyqmbnbupsz!

wbsjbcmf-#!#fyqptvsf!wbsjbcmf-#!bne0ps!#jnqvu!wbsjbcmf/#!

zj!jt!uif!efqfnefnu!wbsjbcmf-!bmtp!lnpxn!bt!#sftqpntf!wbsjbcmf-#!#sfhsfttbne-#!
#nfbtvsfe!wbsjbcmf-#!#pctfswfe!wbsjbcmf-#!#sftqpnejnh!wbsjbcmf-#!#fyqmbjnfe!wbsjbcmf-#!#pvudpnf!

wbsjbcmf-#!#fyqfsjnfnubm!wbsjbcmf-#!bne0ps!#pvuqvu!wbsjbcmf/#!
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SFHSFTTJPO!

MJOFBS!SFHSFTTJPO!

•  Bttvnqujpnt;!

•  Pnmz!uxp!wbsjbcmft!bsf!pg!jnufsftu!

•  Pnf!wbsjbcmf!jt!b!sftqpntf!bne!pnf!b!qsfejdups!

•  Op!bekvtunfnu!jt!nffefe!gps!dpngpvnejnh!ps!puifs!cfuxffn.

tvckfdu!wbsjbujpn!

•  Mjnfbsjuz!

•  σ3!jt!dpntubnu-!jnefqfnefnu!pg!y!

•  εj!bsf!jnefqfnefnu!pg!fbdi!puifs!

•  Gps!qspqfs!tubujtujdbm!jngfsfndf!)DJ-!q.wbmvft*-!εj!bsf!npsnbm!

ejtusjcvufe!

! SFHSFTTJPO!

Mjnfbs!sfhsfttjpn!bnbmztjt!jndmveft;!

•  ftujnbujpn!pg!uif!qbsbnfufst<!

•  dibsbdufsj{bujpn!ipx!hppe!uif!npefm!jt/!

MJOFBS!SFHSFTTJPO!

SFHSFTTJPO!

Qbsbnfufs!ftujnbujpn;!dipptf!qbsbnfufst!uibu!dpnf!bt!dmptf!bt!
qpttjcmf!up!uif!#usvf#!wbmvft/!

Qspcmfn;!ipx!ep!xf!ejtujnhvjti!#hppe#!gspn!#qpps#!ftujnbuft@!

Pnf!qpttjcjmjuz;!njnjnj{f!uif!Tvn!pg!Trvbsfe!Fsspst!TTF!

Jn!b!hfnfsbm!tfntf-!gps!b!tbnqmf!!!

bne!b!npefm!N-!
  

€ 

S = x1,y1( ), x2,y2( ),…, xn ,yn( ){ }

€ 

SSE = yi −M xi( )( )2
i=1

n

∑

MJOFBS!SFHSFTTJPO;!FTUJNBUJPO!

SFHSFTTJPO!

Gps!b!mjnfbs!npefm-!xjui!uif!ftujnbufe!qbsbnfufst!b-!c!

€ 

SSE = yi − a − b xi( )( )2
i=1

n

∑

Ftujnbujpn;!dipptf!qbsbnfufst!b-!c!tp!uibu!uif!TTF!jt!bt!tnbmm!
bt!qpttjcmf/!Wf!dbmm!uiftf;!mfbtu!trvbsft!ftujnbuft/!

Uijt!nfuipe!pg! mfbtu! trvbsft!ibt!bn! bnbmzujd! tpmvujpn! gps! uif!
mjnfbs!dbtf/!

MJOFBS!SFHSFTTJPO;!FTUJNBUJPO!

SFHSFTTJPO!

Qfbstpn(t!Dpfggjdjfnu!pg!Dpssfmbujpn!

> x<-rnorm(50)	
> r <- 0.99;	
> y <- (r * x) + ((1-r) * rnorm(50));	
> plot(x,y); cor(x,y)	
[1] 0.9999666	

Ipx!up!jnufsqsfu!uif!dpssfmbujpn!
dpfggjdjfnu;!

Fyqmpsf!wbszjnh!efhsfft!pg!sbnepnnftt!///!

SFHSFTTJPO!

Qfbstpn(t!Dpfggjdjfnu!pg!Dpssfmbujpn!

Wbszjnh!efhsfft!pg!sbnepnnftt!///!

> x<-rnorm(50)	
> r <- 0.8;	
> y <- (r * x) + ((1-r) * rnorm(50));	
> plot(x,y); cor(x,y)	
[1] 0.9661111	
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SFHSFTTJPO!

Qfbstpn(t!Dpfggjdjfnu!pg!Dpssfmbujpn!

Wbszjnh!efhsfft!pg!sbnepnnftt!///!

> x<-rnorm(50)	
> r <- 0.4;	
> y <- (r * x) + ((1-r) * rnorm(50));	
> plot(x,y); cor(x,y)	
[1] 0.6652423	

SFHSFTTJPO!

Qfbstpn(t!Dpfggjdjfnu!pg!Dpssfmbujpn!

> x<-rnorm(50)	
> r <- 0.01;	
> y <- (r * x) + ((1-r) * rnorm(50));	
> plot(x,y); cor(x,y)	
[1] 0.01232522	

Wbszjnh!efhsfft!pg!sbnepnnftt!///!

SFHSFTTJPO!

Qfbstpn(t!Dpfggjdjfnu!pg!Dpssfmbujpn!

Opn.mjnfbs!sfmbujpntijqt!///!

> x<-runif(50,-1,1)	
> r <- 0.9	
> # periodic ...	
> y <- (r * cos(x*pi)) + ((1-r) * rnorm(50))	
> plot(x,y); cor(x,y)	
[1] 0.3438495	

SFHSFTTJPO!

Qfbstpn(t!Dpfggjdjfnu!pg!Dpssfmbujpn!

Opn.mjnfbs!sfmbujpntijqt!///!

> x<-runif(50,-1,1)	
> r <- 0.9	
> # polynomial ...	
> y <- (r * x*x) + ((1-r) * rnorm(50))	
> plot(x,y); cor(x,y)	
[1] -0.5024503	

SFHSFTTJPO!

Qfbstpn(t!Dpfggjdjfnu!pg!Dpssfmbujpn!

Opn.mjnfbs!sfmbujpntijqt!///!

> x<-runif(50,-1,1)	
> r <- 0.9	
> # exponential	
> y <- (r * exp(5*x)) + ((1-r) * rnorm(50))	
> plot(x,y); cor(x,y)	
[1] 0.6334732	

SFHSFTTJPO!

Qfbstpn(t!Dpfggjdjfnu!pg!Dpssfmbujpn!

Opn.mjnfbs!sfmbujpntijqt!///!

> x<-runif(50,-1,1)	
> r <- 0.9	
> # circular ...	
> a <- (r * cos(x*pi)) + ((1-r) * rnorm(50))	
> b <- (r * sin(x*pi)) + ((1-r) * rnorm(50))	
> plot(a,b); cor(a,b)	
[1] 0.04531711	
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SFHSFTTJPO!

Jnufqsfujnh!uif!sftvmut!ibt!uxp!qbsut;!

!

2;!Jt!uif!npefm!befrvbuf@!)Sftjevbmt*!

3;!Bsf!uif!qbsbnfufs!ftujnbuft!hppe@!)Dpngjefndf!mjnjut*!

!

MJOFBS!SFHSFTTJPO;!RVBMJUZ!DPOUSPM!

SFHSFTTJPO!

MJOFBS!SFHSFTTJPO;!SFTJEVBMT!

Sftjevbmt;!

Uif!tpmje!sfe!mjnf!jt!uif!mfbtu.
trvbsft.gju!mjnf!)sfhsfttjpn!
mjnf*-!efgjnfe!cz!b!qbsujdvmbs!
tmpqf!bne!jnufsdfqu/!Uif!sfe!
mjnft!cfuxffn!uif!sfhsfttjpn!
mjnf!bne!uif!bduvbm!ebub!
qpjnut!bsf!uif!sftjevbmt/!
Sftjevbmt!bsf!#tjhnfe#!j/f/!
nfhbujwf!jg!bn!pctfswbujpn!jt!
tnbmmfs!uibn!uif!
dpssftqpnejnh!wbmvf!pg!uif!
sfhsfttjpn!mjnf/!

SFHSFTTJPO!

Sftjevbm!qmput!bmmpx!vt!up!wbmjebuf!vnefsmzjnh!
bttvnqujpnt;!

!

– Sfmbujpntijq!cfuxffn!sftqpntf!bne!sfhsfttps!tipvme!cf!
mjnfbs!)bu!mfbtu!bqqspyjnbufmz*/!

– Fssps!ufsn-!ε!tipvme!ibwf!{fsp!nfbn!

– Fssps!ufsn-!ε!tipvme!ibwf!dpntubnu!wbsjbndf!

– Fsspst!tipvme!cf!npsnbmmz!ejtusjcvufe!)sfrvjsfe!gps!uftut!
bne!jnufswbmt*!!

MJOFBS!SFHSFTTJPO;!RVBMJUZ!DPOUSPM!

SFHSFTTJPO!

Tpvsdf;!Npnuhpnfsz!fu!bm/-!3112-!Jnuspevdujpn!up!Mjnfbs!Sfhsfttjpn!Bnbmztjt!

Difdl!dpntubnu!
wbsjbndf!bne!

mjnfbsjuz-!bne!

mppl!gps!

qpufnujbm!

pvumjfst/!
!

Wibu!epft!pvs!

tznuifujd!ebub!

mppl!mjlf-!

sfhbsejnh!uijt!
btqfdu@!

MJOFBS!SFHSFTTJPO;!RVBMJUZ!DPOUSPM!

SFHSFTTJPO!

segments(HW[,1], HW[,2], HW[,1], fit, col=2)!

Get residuals:	


Mjnfbs!sfhsfttjpn!fybnqmf;!ifjhiu!wt/!xfjhiu!

res <- resid(lm(HW[,2] ~ HW[,1]))!

Get idealized values:	


fit <- fitted(lm(HW[,2] ~ HW[,1]))!

Plot differences:	


SFHSFTTJPO!

fit vs. residuals	


Mjnfbs!sfhsfttjpn!fybnqmf;!ifjhiu!wt/!xfjhiu!

> plot(fit, res)!
> cor(fit, res)!
[1] -1.09228e-16!
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Residuals vs. 
similarly distributed 
normal deviates 
check the normality 
assumption 

Source: Montgomery et al., 
2001, Introduction to Linear 
Regression Analysis 

Cumulative probability  
of normal distribution  

Adequate Inadequate Inadequate 

Inadequate Inadequate 

MJOFBS!SFHSFTTJPO;!R.R!QMPU!

SFHSFTTJPO!

R.R!qmpu;!bsf!uif!sftjevbmt!
npsnbmmz!ejtusjcvufe@!

Mjnfbs!sfhsfttjpn!fybnqmf;!ifjhiu!wt/!xfjhiu!

qqnorm(res)!

SFHSFTTJPO!

Jg! uif!npefm! jt!wbmje-! j/f/!npuijnh!ufssjcmf! jn! uif!sftjevbmt-!
xf!dbn!vtf!ju!up!qsfejdu/!Cvu!ipx!hppe!jt!uif!qsfejdujpn@!

MJOFBS!SFHSFTTJPO;!FWBMVBUJOH!BDDVSBDZ!

SFHSFTTJPO!

qsfejdujpn!bne!dpngjefndf!mjnjut!

Mjnfbs!sfhsfttjpn!fybnqmf;!ifjhiu!wt/!xfjhiu!

> pp<-predict(lm(HW[,2] ~ HW[,1]), int="p")	
Warning message:	
In predict.lm(lm(HW[, 2] ~ HW[, 1]), int = "p") :	
  Predictions on current data refer to _future_ responses	
	
> pc<-predict(lm(HW[,2] ~ HW[,1]), int="c")	
> head(pc)	
       fit      lwr      upr	
1 60.57098 51.45048 69.69148	
2 67.98277 61.53194 74.43360	
3 77.96070 73.37784 82.54356	
4 92.04435 84.23698 99.85171	
5 76.34929 71.70340 80.99518	
6 76.57656 71.94643 81.20670	

SFHSFTTJPO!

Qmpu!qq!bne!qd!mjnjut!

Mjnfbs!sfhsfttjpn!fybnqmf;!ifjhiu!wt/!xfjhiu!

d;!qmpu!

c;!sfdpnqvuf!qq-!qd!

b;!tpsu!pn!y!

o <- order(HW[,1])	
HW2 <- HW[o,]	

pc<-predict(lm(HW2[,2] ~ HW2[,1]), int="c")	
pp<-predict(lm(HW2[,2] ~ HW2[,1]), int="p")	

> plot(HW2, xlab="Height (cm)", ylab="Weight (kg)", ylim=range(HW2[,2], pp))	
> matlines (HW2[,1], pc, lty=c(1,2,2), col="black")	
> matlines (HW2[,1], pp, lty=c(1,3,3), col="red")	

SFHSFTTJPO!

Qmpu!qq!bne!qd!mjnjut!

Mjnfbs!sfhsfttjpn!fybnqmf;!ifjhiu!wt/!xfjhiu!

d;!qmpu!

c;!sfdpnqvuf!qq-!qd!

b;!tpsu!pn!y!

p!=.!psefs)IW\-2^*!
IW3!=.!IW\p-^!

qd=.qsfejdu)mn)IW3\-3^!•!IW3\-2^*-!jnu>#d#*!
qq=.qsfejdu)mn)IW3\-3^!•!IW3\-2^*-!jnu>#q#*!

> plot(HW2, xlab="Height (cm)", ylab="Weight (kg)", ylim=range(HW2[,2], pp))	
> matlines (HW2[,1], pc, lty=c(1,2,2), col="black")	
> matlines (HW2[,1], pp, lty=c(1,3,3), col="red")	

dpngjefndf!jnufswbm!
)bu!q>1/:6*!
)qbsbnfufst*!

qsfejdujpn!jnufswbm!!
)bu!q>1/:6*!
)wbmvft*!
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SFHSFTTJPO!

•  Bttvnf!uif!wbsjbcmft!bdu!mjnfbsmz!bhbjntu!y!
•  Npefm;!!!

•  Ps!!

•  Gps!uxp!y.wbsjbcmft;!!

•  Ftujnbufe!frvbujpnt;!

•  Mfbtu!trvbsft!dsjufsjpn!gps!gjuujnh!uif!npefm!)ftujnbujnh!uif!
qbsbnfufst*!

•  Tpmwf!gps!a, b1, b2!up!njnjnj{f!SSE!

€ 

y =α + β1x1 + β2x2 + ...+ β p xp + e

€ 

E(y | x) =α + β1x1 + β2x2 + ...+ βp xp

€ 

y =α + β1x1 + β2x2

€ 

ˆ y = a + b1x1 + b2x2

[ ]21 1 2 21
( )n

i
SSE y a b x b x

=
= − + +∑

Nvmujqmf!sfhsfttjpn!

SFHSFTTJPO!

nmt)*!ibt!nvdi!uif!tbnf!fyusbdups!gvndujpnt!bt!mn)*/!Tff!uif!epdvnfnubujpn/!

Uif!mphjtujd!gvndujpn!jt!vtfgvm!gps!npefmmjnh!sjtl0fggfdu!ebub!jn!tdfnbsjpt!uibu!
ibwf!b!cjnpnjbm!pvudpnf;!efbe0bmjwf-!jngfdufe0ifbmuiz-!dbndfs0dbndfs!gsff!fud/!
!
Ju!jt!ftqfdjbmmz!vtfgvm!up!npefm!uif!dvnvmbujwf!fggfdu!pg!jnefqfnefnu!sjtlt/!
Bttvnf!b!tfu!pg!sjtl!gbdupst!uibu!fbdi!dpnusjcvuf!up!{!

€ 

f x( ) =
1

1+ Ae−β0+β1x1+β2x2 ...+βk xk

Opnmjnfbs!sfhsfttjpn!

SFHSFTTJPO!

Sfbssbnhf;!

€ 

y =
1

1+ Ae−β0+β1x1+β2x2 ...+βk xk

€ 

1− y( )
Ay

= e−β0+β1x1+β2x2 ...+βk xk

€ 

log Ay
1− y( )

= −β0 + β1x1 + β2x2...+ βk xk

///!xijdi!dbn!cf!bnbmz{fe!xjui!mjnfbs!sfhsfttjpn;!

Opnmjnfbs!sfhsfttjpn!

SFHSFTTJPO!

Bqqmjdbcmf! jg! zpv!ibwf! b! qsjpsj! lnpxmfehf! bcpvu!
uif! gvndujpnbm! gpsn! pg! uif! npefm! )gspn! gjstu!
qsjndjqmft*<!

Vtft! mfbtu! trvbsft! gju! dsjufsjpn! gps! qbsbnfufs!
ftujnbujpn<!

Njnjnj{bujpn! jn! dmptfe! gpsn! )bnbmzujdbmmz*! jt!
vtvbmmz!npu!qpttjcmf<!

Vtf!nvnfsjdbm!nfuipet!jntufbe<!

Qsjndjqmf;!dbmdvmbuf!b!hsbejfnu!tvsgbdf!up!hvjef!uif!
jnqspwfnfnu!pg!tubsujnh!qbsbnfufs!!dipjdft/!

Jn!S;!nls()!

OPOMJOFBS!SFHSFTTJPO!

SFHSFTTJPO!

Up!efgjnf!b!npn.mjnfbs!npefm-!mfu!vt!dpntjefs!b!tdfnbsjp!jn!xijdi!b!ejtfbtf!dbn!cf!
dpnusbdufe!xjui!b!qspcbcjmjuz!uibu!efqfnet!pn!uif!mfnhui!pg!ujnf!b!sjtl!gbdups!ibt!
cffn!bdujnh/!Uijt!dbn!cf!npefmmfe!bt!b!#mphjtujd!gvndujpn#!.!b!uzqf!pg!gvndujpn!uibu!
xbt!psjhjnbmmz!npujwbufe!cz!qpqvmbujpn!hspxui!dpntjefsbujpnt/!Ifsf!O!jt!b!
qpqvmbujpn-!u!jt!ujnf!bne!L!jt!uif!gsbdujpn!pg!qpqvmbujpn!nfncfst!xip!ibwf!
dpnusbdufe!uif!ejtfbtf/!

€ 

dN
dt

= rN t( ) 1−
N t( )
K

# 

$ 
% 

& 

' 
( 

€ 

N ti+1( ) − N ti( ) = rN ti( ) 1−
N ti( )
K

# 

$ 
% 

& 

' 
( 

Opnmjnfbs!sfhsfttjpn;!fybnqmf!!

SFHSFTTJPO!

€ 

dN
dt

= rN t( ) 1−
N t( )
K

# 

$ 
% 

& 

' 
( 

Uif!#mphjtujd!gvndujpn#!jt!uif!tpmvujpn!up!uif!mphjtujd!ejggfsfnujbm!frvbujpn/!

€ 

f x( ) =
C

1+ Ae−Bx

Opnmjnfbs!sfhsfttjpn!

Uif!mphjtujd!ejggfsfnujbm!frvbujpn!eftdsjcft!uif!dibnhf!pg!b!qpqvmbujpn!jg!uif!
dibnhf!bggfdut!b!gsbdujpn!pg!uif!qpqvmbujpn!bu!fbdi!jnufswbm!pg!ujnf/!



2015-‐08-‐20	  

7	  

SFHSFTTJPO!

Uijt!jt!b!hfnfsjd!tjnvmbujpn!tusbufhz!.!wfsz!qpxfsgvm!cfdbvtf!ju!bmmpxt!zpv!up!vtf!bn!
bscjusbsz!gvndujpn!bt!b!QEG!)qspcbcjmjuz!efntjuz!gvndujpn*!bne!hfnfsbuf!b!
dpssftqpnejnh!tfu!pg!tbnqmft/!

y!=.!2.)20)2,fyq)1/2+).61;61****!
qmpu)y-!uzqf>#m#-!!
!!!!dpm>#sfe#-!mxe>#3#*!

Opnmjnfbs!sfhsfttjpn;!xpslfe!fybnqmf!

SFHSFTTJPO!

Consider the function code:	


	
age<-floor(runif(1,1,100))	
s<-runif(1)	
if (s < 1-(1/(1+exp(0.1*(age-50))))) {	
	X <- append(X, age)	
	i<-i+1	
}	
	
Uxp!vnjgpsn!sbnepn!nvncfst!bsf!
sfrvjsfe;!
2;!tfmfdu!b!dbnejebuf!bhf!
3;!tfmfdu!b!nvncfs!cfuxffn!1!bne!2!
Jg!uif!nvncfs!jt!mbshfs!uibn!g)bhf*-!bddfqu!
uif!dipjdf-!fmtf-!usz!b!ejggfsfnu!bhf/!

Opnmjnfbs!sfhsfttjpn!

SFHSFTTJPO!

	
	
	

Wf!npx!ibwf!b!tjnvmbufe!ebubtfu!
xjui!lnpxn!qbsbnfufst/!Ipx!dbn!
xf!ftujnbuf!)sfdpwfs*!uif!
qbsbnfufst@!

	
1-(1/(1+exp(0.1*(age-50)))))	
	

Opnmjnfbs!sfhsfttjpn!

SFHSFTTJPO!

Opnmjnfbs!mfbtu!trvbsf!gjuujnh!
jn!S!jt!epnf!xjui!nls()/!

	
res = nls(formula, data=data, start=c(parameters) )	
	

Jn!pvs!fybnqmf-!uif!gpsnvmb!dbn!cf!xsjuufn;!

	
fz <- function(t, S, tm, B) { S*(1-(1/(1+exp(B*(t-tm))))) }	
	

OPOMJOFBS!SFHSFTTJPO!

SFHSFTTJPO!

Usz!tpnf!sfbtpnbcmf!
tubsujnh!qbsbnfufst;!

	
> curve(fz(x, S=180, tm=48, B=0.2),	
    add=TRUE, col="red", lwd=3)	
	

	
fz <- function(t, S, tm, B) { S*(1-(1/(1+exp(B*(t-tm))))) }	
	

Hppe!up!hp;!

Opnmjnfbs!sfhsfttjpn!

SFHSFTTJPO!

Jnwplf!nls()!xjui!uif!gpsnvmb!bne!tubsujnh!qbsbnfufst;!

	
> count <- tabulate(x)	
> age <- c(1:99)	
> nlsLogistic <- nls(count ~ fz(age, S, med, B), start=c(S=180, med=48, B=0.2))	
> nlsLogistic	
Nonlinear regression model	
  model:  count ~ fz(age, S, med, B) 	
   data:  parent.frame() 	
       S      med        B 	
199.8084  49.5460   0.1020 	
 residual sum-of-squares: 11854	
	
Number of iterations to convergence: 7 	
Achieved convergence tolerance: 1.246e-06 	

	

p <- coef(nlsLogistic)	
curve(fz(x, S=p[1], tm=p[2], B=p[3]), add=TRUE, col="blue", 

lwd=3, lty=2)	
	

OPOMJOFBS!SFHSFTTJPO!
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OPOMJOFBS!SFHSFTTJPO!
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Sfhsfttjpn!jt!b!tubujtujdbm!ufdinjrvf!gps!jnwftujhbujnh!bne!
npefmjnh!uif!sfmbujpntijq!cfuxffn!wbsjbcmft-!xijdi!
bmmpxt;!

•  Qbsbnfufs!Ftujnbujpn!

•  Izqpuiftjt!uftujnh!

•  Vtf!uif!Npefm!)Qsfejdujpn*!

!

Ju(t!b!qpxfsgvm!gsbnfxpsl!uibu!dbn!cf!sfbejmz!hfnfsbmj{fe/!

Zpv!nffe!up!cf!gbnjmjbs!xjui!zpvs!ebub-!tjnvmbuf!ju!jn!
wbsjpvt!xbzt!bne!difdl!uif!npefm!bttvnqujpnt!dbsfgvmmz"!

SFHSFTTJPO;!TVNNBSZ!

SFHSFTTJPO!

Dpssfmbujpn!dpfggjdjfnu!

SFHSFTTJPO!

Detecting Novel Associations in Large Data Sets 
 
Identifying interesting relationships between pairs of variables in large data sets is increasingly 
important. Here, we present a measure of dependence for two-variable relationships: the maximal 
information coefficient (MIC). MIC captures a wide range of associations both functional and 
not, and for functional relationships provides a score that roughly equals the coefficient of 
determination (R2) of the data relative to the regression function. MIC belongs to a larger 
class of maximal information-based nonparametric exploration (MINE) statistics for identifying 
and classifying relationships. We apply MIC and MINE to data sets in global health, gene 
expression, major-league baseball, and the human gut microbiota and identify known and 
novel relationships. 
 
Reshef et al. Science 2011, 334:1518 

Nbyjnbm!Jngpsnbujpn!Dpfggjdjfnu!

SFHSFTTJPO!

Computing MIC (A) For each pair (x,y), the 
MIC algorithm finds the x-by-y grid with the highest 
induced mutual information. (B) The algorithm 
normalizes the mutual information scores and 
compiles a matrix that stores, for each resolution, 
the best grid at that resolution and its normalized 
score. (C) The normalized scores form the characteristic 
matrix, which can be visualized as a surface; MIC 
corresponds to the highest point on this 
surface. In this example, there are many grids that 
achieve the highest score. The star in (B) marks a 
sample grid achieving this score, and the star in (C) 
marks that grid’s corresponding location on the 
surface. 

Reshef et al. Science 2011, 334:1518 

Nbyjnbm!Jngpsnbujpn!Dpfggjdjfnu!
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Comparison of MIC to existing methods: Scores given to 
various noiseless functional relationships by several 
different statistics.Maximal scores in each column are 
accentuated. 

Reshef et al. Science 2011, 334:1518 

Nbyjnbm!Jngpsnbujpn!Dpfggjdjfnu!



2015-‐08-‐20	  

9	  

SFHSFTTJPO!

Performance of MIC on associations not well modeled by a function, as noise level varies. 

Reshef et al. Science 2011, 334:1518 

Nbyjnbm!Jngpsnbujpn!Dpfggjdjfnu!
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